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Abstract 

We consider algebraic manifolds Y of dimension 3 over C with i7*(y, ily) = 
for all J > and i > 0. Let X be a smooth completion of Y with D = X — Y, 
an effective divisor on X with normal crossings. If the D-dimension of X is not 
zero, then y is a fibre space over a smooth affine curve C (i.e., we have a surjective 
morphism from y to C such that general fibre is smooth and irreducible) such that 
every fibre satisfies the same vanishing condition. If an irreducible smooth fibre is 
not affine, then the Kodaira dimension of X is — oo and the D-dimension of X is 
1. We also discuss sufficient conditions from the behavior of fibres or higher direct 
images to guarantee the global vanishing of Hodge cohomology and the affineness 
of y. 
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0. Introduction 

Let y be a complex manifold with H^{Y, Qy) = for all j > and i > 0, then what is 
y? Is Y Stein? This is a question raised by Serre [Se]. Peternell [P] also asked the same 
question for schemes: If y is a smooth scheme of finite type over C, is it affine? For the 
nonalgebraic case, in particular, complex surfaces, see Peternell's paper [P]. Throughout 
this paper, we assume that Y is an algebraic manifold, i.e., an irreducible nonsingular 
algebraic variety defined over C . If dimy = 1, then Y is affine. If dimy = 2, Mohan 
Kumar [Ku] classified it completely. It may not be affine and has three possibilities as 
follows: 

(1) y is affine. 

(2) Let C be an elliptic curve and E the unique nonsplit extension of Oc by itself. 
Let X = Fc{E) and D be the canonical section, then Y = X — D. 

(3) Let X be a projective rational surface with an effective divisor D = —K with 
= 0, 0{D)\£, be nontorsion and the dual graph of D be Dg or i^g, then Y = X — D. 
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If the surface Y is not affine, then the Kodaira dimension of X is — oo, £)— dimension 
is ([Ku], Lemma 1.8). In the second case, the canonical divisor Kx = —2D and D is 
irreducible, so the logarithmic Kodaira dimension k.(Y) = k,{D + Kx^X) = —oo; in the 
third case, Kx = —D and D is either Ds or Eg. Let D' = ^Di be the reduced divisor, 
where D[s are the prime components of D, then Kx + D' is not effective. Therefore again 
k{Y) — — oo ([13], [Ku], [Mi]). The surfaces in the first two cases are Stein. The third 
case is open. Since there exist Stein varieties which are not affine (see [H2], Serre gave 
the first example of this), the surfaces in the third case might be Stein. 

If dimF = 3, let us first fix our basic assumption (BA) as follows. 

(B A) Let Y be a smooth irreducible threefold, X be a smooth completion (See Nagata 
[N] for the existence of X) such that X — Y — UDi, union of connected, distinct prime 
divisors on X. Let D be an effective divisor supported in UD^ with normal crossings [13]. 
Suppose that the moving part of \nD\ is base point free (such a smooth completion of Y 
always exists after further blowups), H'^{X, Ox{nD)) ^ C for some n and Y contains no 
complete surfaces. 

Proposition Under the condition (BA), there is a smooth projective curve C, and a 
smooth affine curve C such that the following diagram commutes 

Y ^ X 
fW f 

c ^ c 

where f is proper and surjective, every fibre of f over C is connected, general fibre is 
smooth. Also general fibre of fly is connected and smooth. And if the D— dimension of 
X is no less than 2, then we can make C to he . 
Our main results are the following. 

Theorem A // W{Y, = for all j > and i > and H°{Y, Oy) 7^ C, then for 

the above f , we have 

(1) Every fibre S of f\y overC satisfies the same vanishing condition, i.e., H\S, fig) — 

0. 

(2) If there is a smooth fibre Xy^ over yo & C such that Xyg\y — Sq is not affine, then 
the Kodaira dimension of X is —00 and the D-dimension of X is 1. 

(3) If one fibre S of f\y over C is not affine, then Y is not affine. Y is affine if and 
only if for every coherent sheaf F on X 

h\X,\imF0O(nD)) < 00. 

n 

Conversely, in the above diagram, let F„ = (8) 0{nD) or F„ = Q^(log£)) ® 0{nD), 
where Q^(logD) is the sheaf of logarithmic j-forms on Y ([II], [12], [13]), then we have 
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Theorem B If the higher direct images satisfy 

lim i?V*^n = lim i?V*^n = 0, 

n n 

or for every point y & C, if Dy — Xy n D is a curve, and 

lim H^Xy, Fn,y) = 0, lim i?V*F„ = 0, 

n n 

where Fn,y — Fn\xy, then H^{Y, n{r) — for all j >0 and i > 0. 

Similar results for the affineness of Y can be obtained. We will discuss it in section 
3. From theorem A and the surface cases (2) and (3) which are not affine, we know that 
a threefold with the vanishing Hodge cohomology is not necessarily affine. If it is affine, 
then of course it is Stein. In surface case, if Y is not affine, the Kodaira dimension of X 
is unique. Is it still true for threefolds? When there are nonconstant regular functions 
on the threefold Y, by theorem A{1) and Mohan Kumar's classification, there are three 
different types of smooth fibres. The question reduces to two questions. The first question 
is: given a smooth variety Y with Oy) = for all j > 0, i > and a surjective 

morphism from y to a smooth affine curve C such that every (or general) fibre is affine, 
then is Y affine? Generally it is not true (even in the surface case) without restriction on 
Hodge cohomology. Under our cohomology restrictions, if y is a surface, then it is true 
(Lemma 1.8, [Ku]). The second question is the invariance of plurigenera. If one fibre 5*0 
is not affine, then is the Kodaira dimension of Xt a constant in an open neighborhood 
of 0? litaka conjectured that in a smooth family the mth plurigenus is constant. He 
proved it for surface case ([14], [15]). Nakayama proved that the conjecture follows from 
the minimal model conjecture and the abundance conjecture ([Nal], [Na3]). Siu proved 
it if the generic fibre is of general type [Si]. Kawamata extended Sin's result to fibres 
with canonical singularities [Ka4]. In our case, some isolated fibres may be singular or 
reducible or both. We can not therefore apply these results. 

Now let y and X be as in theorem A. We are sure that the Kodaira dimension of X 
can be — cxo and the D-dimension can be 1 (Theorem 7). Our motivation here is to see 
the global picture from the fibre, i.e., if every fibre or general fibre has vanishing Hodge 
cohomology, then is it still true for y ? We can prove that the direct limit of second direct 
images vanishes thus H^{Y, fly) = 0. But the direct limit of the first direct images might 
be supported at finitely many points. We do not know how to deal with these points 
and whether the first direct image sheaves are locally free or not. In fact, by a result of 
Goodman and Hartshorne (Lemma 4), we only need the local freeness on C. If it is true, 
then the direct limit is zero and therefore we also have H^{Y, fly) = 0- Hence we can get 
an equivalent condition for vanishing Hodge cohomology of Y. 

Mohan Kumar's proof in surface case heavily depends on the following two facts. By 
his Lemma 1.10, any line bundle L on the carefully chosen divisor D with degree zero 
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when restricted to each component of D has the following property: H°{L) 7^ if and 
only if L = Oo- Thus if L = Od{D), then it satisfies all these conditions by the choice 
of D therefore it is either torsion or nontorsion. This is why Y has only two possibilities 
if it is not affine. We have no any idea of a similar result when the dimension is 3. The 
second fact is Zariski decomposition of D. He used it to compute intersection numbers 
and hP{X,Ox{'mD)) — 1 for every nonnegative m. But in threefold, we do not always 
have Zariski decomposition (see [C]. For recent progress, sec [Na2]). To understand Y 
and X, we have to use a different approach. We first construct a proper and surjective 
morphism from X to a smooth curve. This is the place where we need the condition that 
D-dimension of X is not 0. Notice that we can not use any other divisor on X to define 
our map. Otherwise, we have no control of the cohomology and the image of Y then can 
not use our assumption. This is saying that we can only change the boundary D but can 
not change Y . This is why we can not use litaka's fibration and Mori's construction. And 
in order to use litaka's fibration, we must assume n{X) > which is not true in our case. 
But we can use litaka's C„ conjecture ([Ka2], [V]). 

The content of this paper is divided into three parts. In the first section, we will 
present some basic lemmas. We borrow the idea from the surface case, i.e., from [Ku], 
[P]. The second section contains construction of the fibre space. We will prove our main 
theorems in the third section and give an example. Our basic tools are Grothendick's 
local cohomology theory and classification theory developed by the Japanese school of 
algebraic geometry. 

Convention Unless otherwise explicitly mentioned, we always use Zariski topology, 
i.e., an open set means a Zariski open set. 
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1. Preliminary lemmas 

Lemma 1 Let Y be an irreducible smooth threefold with H\Y, fly ) = for every j > 
and i > 0. Let X be any smooth completion ofY, then X — Y has no isolated points. 

Proof . If P is an isolated point ol X — Y , let Y' — Y U {P}, then Y' is a scheme and we 
have exact sequence of local cohomology 

= H\Y, Oy) HfpyiOy') H\Y\ Oy) = 0, 
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The last term is zero since Y' is not complete. But 

HIp}{Oy') = limExtl^iOnP, Oy) ^ 

n 

where OnP = Ox/MJ\ -M is the ideal sheaf of P. To see this, write the short exact 
sequence 

MVM"+i O^n+i^p OnP 0. 
Then, since Extl^{M''/M''+^,OY') = 0, we have 

ExtljOnP, Oy) ExtUO(n+l)P, Oy) Extl^{M^/M^+\ Oy) 0. 

If Extl^{M''/M''+\ Oy) ^ 0, then dimension of Ext%^{OnP, Oy) — ^ oo as n — ^ oo. 
Thus H^py{OY') 7^ 0. For some suitable m determined by n, we have 

Therefore 

Ext%^{M''/M''+\ Oy,) = ®Ext^{Op/M, Oy) = ®Ext^{C{P), Oy). 

Choose local coordinates such that P — {x — y — z — 0}, x,y,z e Ou, U is a neighbor- 
hood of P, then 

O^Ou^Ofj^Ofj^Ou^ C(P) 0. 

Moreover, 

Sxf{C{P),Ou) = 
Finally we can compute 

Ext\C{P),Oy) = H%£xt\C{P), Ou)) = C{P) 0. 

Q.E.D. 

Lemma 2 Under the condition of Lemma 1, X — Y = UZi is connected, where Zi 's are 
irreducible components. 

Proof. If X — F = Z is not connected, write Z = Zi + Z2, ZiH Z2 = 0. We have a long 
exact sequence of local cohomology 

= H^{Y, Q^) — ^ Hl{X, n%) — > H^{X, n\) — > H^{Y, Qf.) = 0. 



Hi ^2, 
C{P) i=3. 



So Hz{X, = H^{X, = C by Serre duality. But by Mayer- Vietoris sequence, 

Hl{X, n\) - H%^{X, n\) © H%^{X, 
Both summands are at least one dimensional since 

Hl.{X, — > H^{X, n\) = C — > H^{X - Zi, = 0. 
This is a contradiction. 

Q.E.D. 

Lemma 3 Let X, Y he as above, then Y contains no complete surfaces. 

Proof. If 5" is a complete, irreducible surface in Y, then we have short exact sequence 

— >A — — — >0 

where A is the kernel. Since Qy and Jl| are coherent, A is coherent. For any abelian 
sheaf ^ on X, we have long exact sequence 

... — > Hl{X,T) — > H^{X,T) — > H^{Y,r) — > 0. 

By formal duahty [H3] , 

H\x,G)^Hi{x,ny 

where Q = Ttomoxi^,^), ^ — ^ — Ti-omoxiG-i^)- K ^ is locally free, then 

H — F. So we have 

H%x,g) = Hl{x,Ty. 

But H^{X,g) — > H%X,g) is injective, by Serre duality, /7|(X,J^) — > H^{X,T) is 
surjective. So H^{Y, J^) = for any locally free sheaf J-'. Then for any coherent sheaf JF, 
H^{Y, J^) — since we have short exact sequence 

— > B — > J^' — >T — ^0 

where J-"' is locally free. In particular, H^iY, A) = 0. Prom 

= H^{Y, n^y) H^{nl) — > H'^iY, A)^0 

we have = 0, which is a contradiction ([AK]). 

Q.E.D. 
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Remcirk 1 Our proof is algebraic. In analytic category, we can use Siu's theorem [Sil] 
to get H^{Y, F) — for any analytic sheaf F since Y is not compact by Serre duality. 
Then we can use Norguet and Siu's result ([NS], [P]). It says that if a complex manifold 
Y contains a compact analytic subvariety of dimension q and for every coherent sheaf F 
on y, Hi+\Y, F) = 0, then Hi{Y, ^ 0. 

By the above lemmas, we know that for any smooth completion X of Y, the dimension 
of the boundary X — Y is not zero. By suitable blowing ups, we may assume they satisfy 
the basic assumption (BA). So the dimension of such X makes sense. We put a lemma 
after theorem 1 for logical correctness. It says that if the D-dimension of X is not zero, 
then Y contains no complete curves. 

Lemma 4 (Goodman, Hartshorne) Let V be a scheme and D be an effective Cartier 
divisor on V. Let U = V—SuppD and F be any coherent sheaf on V , then for every i > 0, 

W-m H\V, F ®0{nD)) ^ H\U,F\u). 

n 

2. Construction of a proper, surjective morphism from X to C 

If H^{X, Ox{nD)) 7^ C, let ,^ be a nonconstant, irreducible element (which means that 
it can not be written as a product of two nonconstant elements) in H^{X, Ox{nD)), then 
it defines a rational map 

C-.X >F\ 

with poles in D. When restricted to y, it is a morphism 

^\y:Y^A\ 

Let U — ^(y), the image of Y under ^. By Hironaka's elimination of indeterminacy, there 
is a smooth projective variety X, such that the morphism a : X ^ X is composite of 
finitely many monoidal transformations which is isomorphic when restricted to Y, i.e., Y 
is fixed and g = ^ o a : X ^ is proper and surjective. Replace X by X, since g\Y = 
we have a commutative diagram 

Y ^ X 

9\y 9 
U ^ ¥\ 

To guarantee the connectedness of fibres, we can use Stein factorization. Let f : X ^ C 
be a proper surjective morphism, /i : (7 — > be finite ramified covering such that g is 
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composition of these two maps, i.e., g — ho f. Let C = /(^), then we have commutative 
diagram 

Y ^ X 

fW f 

c ^ c, 

where / is proper and surjective and every fibre of / is connected. Moreover, C and C 
arc smooth. 

Now consider the image of D under /. If f{D) is a point, then Y contains complete 
surfaces, so f{D) = C. Since both X and C are irreducible and projective, every fibre 
of / over C has dimension at least 2 ([Sh], Chapter 1, section 6.3, Theorem 7) but can 
not be 3 ([Sh], Chapter 1, section 6.1, Theorem 1), that is, every fibre has dimension 2. 
By the second Bcrtini theorem([Sh], Chapter 2, section 6.2), there is an open set U G C, 
such that every fibre f~^{P) for every point P in U is smooth. 

Since f{D) = C, there is a component of D, such that /(A) = C. But some 
components of D may have points as images. Removing these finitely many points from 
C, for general point P in C, the inverse image S = f~^{P) is an irreducible surface such 
that ^^DiPiSdDPiS. By irreducibility of general fibre, D fl S is a curve on S for 
general P. Removing this curve, the surface S = S — D = Sr\Y is irreducible. So general 
fibre of /|y over C is smooth and irreducible (thus connected). 

By our construction, f^Ox — Oq ([U2], Proposition 1.13). But we do not know 
what the curve C is. If the D-dimension k{D) > 2, then we can make C to be P-*^. The 
construction of rational map from X to is due to Ueno ([U2], page 46). 

Choose two algebraically independent rational functions rji and 772 in C(X). By 
Zariski's lemma ([HP], Chapter X, section 13, Theorem 1, page 78), there exists a con- 
stant d such that the field €(771 + ^772) is algebraically closed in C{X). Define a rational 
map / from X to by sending points x in X to {l,7]i{x) + d7]2{x)) in P^ We can choose 
rji and r/2, such that rji + dr]2 only has poles in D ([U2], Lemma 4.20.3), that is, when 
restricted to F, / is morphism, then by our previous argument, we have diagram 

Y ^ X 

fW f 

c ^ p^ 

where / and /|y satisfy the same properties as before. 

Proposition Under the condition (BA), there is a smooth projective curve C, and a 
smooth, affine curve C such that the following diagram commutes 
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Y 



fU 



c 



X 



c 



where f is proper and surjective, every fibre of f over C is connected, general fibre of f is 
sm,ooth. Also general fibre of fly is connected and smooth. Moreover, if the D-dimension 
of X is no less than 2, then we can make C to be ¥^ . 

Remcirk 2 By [II], page 79, for general fibre Xy = f~^{y), D\xy = -Dy is a divisor of 
Xy with normal crossings if is a divisor with normal crossings. 

3. Structure of Y with h^{X, Ox{nD)) > 1 

In the diagram of the proposition, since C is smooth, / is flat. 

Theorem 1 If Y is a smooth three-fold with H\Y, Qy) = for all j > and i > and 
H^{X,Ox{nD)) 7^ C for some n, then in the construction of the proposition, for every 
fibre S of fir over C, H\S, niy\s) = therefore H\S, fl^) = for all j>0 andi>0. 

Proof. Y has no complete surfaces by lemma 1. Thus the condition of the proposition 
is satisfied. For any point P on C, let g be an element of r(C, Oc) such that the divisor 
defined by g is Q=diyg = P + Qi + ■ ■ ■ + Qr, P ^ Qi for every i, then 

f-\Q)^SQ^SuS,U---USr 
where S is the fibre over P, Si is the fibre over Qi. From the short exact sequence 

where the first map is defined hj g, we have 

for every i > 0. Similarly, from the short exact sequence 

— — > — > nir\sQ — > 

where the first map is still defined hy g, we have 

H%SQ,ni.\sJ^O. 
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By Mayer- Vietoris sequence, we have 

w{s,n^\s) = o. 

In particular, W{S,Os) — 0. Prom the exact sequence 

— >A — > n{.\s — — >o 

we have H^[S, Q^) = for every i > and j >0 since H'^{S, A) — for coherent sheaf A 
([H3], [Kl]). 

Q.E.D. 

Remark 3 If H'{Y,ni.) = for every i > and j > 0, H^{X,Ox{nD)) 7^ C for 
some n, then Y contains no complete curves. In fact, if E is such a curve in y, then its 
image under /|y is a point P on C, so E is contained in the fibre S of /|y over P also 
contained in f~^{P) = Xp in X. Write Xp = X'p + D' where D' is a divisor contained 
in D and X'p intersects Y with the surface S in F, i.e., S = Y r\ X'p, and X'p fl D is a 
curve, then H'^{S, = for every i > and j > by theorem 1. This implies that S is 
not complete [AK]. If there is a complete curve Z in S, then H^{Z, Vt\) ^ but 

— >A — — >Q}z — ^0 

and H'^{S,A) — ([H3], [Kl]). This is a contradiction. So we have showed 

Lemma 5 Let Y he a smooth threefold with H^{Y, fly) = for all j > and i > and 
i7°(y, Oy) 7^ C, then Y contains no complete curves. 

Now consider the sheaves Q-'x and r2-^(logi5). Let F„ = Q-'^ (E) 0{nD) or F„ = 
Vt'x{}ogD) (S) 0{nD), then F„ is fiat over C since it is locally free on X and C is smooth. 
If H\Y, = 0, then for every fibre S = f^\y) = XyOY, y E C, H\S, n{.\s) = for 

all j > and i > 0. If Xy is irreducible, then by lemma 4, since Fn\s = ^y\s, D\xy = Dy 
is a divisor on Xy, we have 

\imH'{Xy,Fn,y)^0 

n 

where Fn,y = Fn\xy- If the point y lies in C\C, or the fibre Xy is not irreducible, then 
what will happen? Is the direct limit still zero? Theorem 2 is our answer. 

Theorem 2 Under the condition of theorem 1, for every point y in C, we have 

limH\Xy,Fn,y)^0. 
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Proof. If y is contained in C and the fibre Xy in X is irreducible, we are done. First let 
y e C\C, E — f~^{y), we have a short exact sequence 

Ox{-E) ^Ox^Oe^Q. 

Tensoring with F„, we have 

F^{-E) ^ F„ ^ F^\e 0. 

If 

YimH\X,Fn{-E)) = Q, 

n 

since we have 

limH'{X,Fn)^0, 

n 

then writing the long exact sequence, we get our claim. 
For any fixed n, there is a suitable such that the map 

Fn+l-l) 

is zero. For this n and I, we have a map 

H\X, Fn{-E))^H\X, Fn+i{-E)). 

E is component of D (may not be prime) so the map a can be factored through three 
maps as follows 

H\X, F^{-E))^H\X, F^)^H\X, F^+i_,)^H\X, F^+,{-E)). 

Since 0:2 = 0, and a = 03 o 02 ° we have « = 0, i.e, the direct limit we want is zero. 
The map 0:3 is the natural map corresponding to the map F^+i-i 0{D — E). 

If 1/ is a point in C and the fibre Xy is not irreducible, write Xy = Xy + D' where D' 
is a divisor contained in D, Xy intersects Y with a surface 5", and fl D is a curve, then 
S is the fibre of /|y over y in y. S may not be irreducible, however, Xy\S is a divisor on 
Xy. By theorem 1 and lemma 4, for every i > 0, 

limif^(X;,F,U,) = 0. 

n 

From the short exact sequence 
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we have for i + 1 = 2, 3, 

limi/^+i(X,F„(-X;))=0. 

n 

Similar to the above argument about W{X, Fn{—E)), we can see that 

\imW{X,Fn{-D'))^0. 

n 

For i > 0, Consider the map 

W+\X,F^{-Xl - D'))^W+\X,Fr,+i{-X'^ - D')). 
As before, it can be factored through three maps as follows 

W+\X, F^{-X'^-D'))^H^+\X, F^{-X'^))^W+\X, Fr,+i.,{-X'^))^W+\X, F^+i{-X'^-D')). 

For every fixed n, wc can choose I such that the map (52 is zero. Since P — o P2 ° Pi, 
/? = 0, i.e., for i + 1 = 2,3, 

\imW+\X, F„(-X; - D')) = 0. 

n 

Again from the exact sequence 

Fn{—Xy — D') > Fji > Fn\x^+D' = Fn\Xy ^ 

we get our claim. 

Q.E.D. 

From theorem 1 and theorem 2 wc know how the global vanishing cohomology controls 
the local (fibre) cohomology. How does the fibre behavior infiuence the global behavior? If 
for every fibre ,5 of /|y in y over y e C satisfies H'{S, n{\s) = 0, then is W{Y, = 0? 
We will see that the second and third cohomology vanish but the first cohomology is a 
mystery. To guarantee its vanishing, we have to add some mild condition. 

To see how the local fibre behavior influences the global behavior, the higher direct 
images R^f^F^ are the link. They arc coherent for alH > by Grauert's theorem. Since 
/ is flat over C, h^^Xy, Fn^y)=dvai<cH'^{Xy, F^^y) is upper semi-continuous function on C. 
Since H'^iXy, F^^y) = H^{Xy, F^^y) = 0, by [Mu], corollary 3, R^f^F^ = 0. This guarantees 
H^{Y, Qy) = for every j and for every point y E C, 

R'f,Fn®C{y)^H\Xy,F^^y). 
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If we only consider the closed points y on C, C(?/) = C, we have ([U2], Theorem 1.4) 

where (R^f^Fn)y is the stalk at y and the tensor product is over Oc,y So every stalk 
satisfies 

\im{R^UFn)y/V{R^UFn)y = F^^y) = 

n n 

for every closed point y, where V is the maximal ideal of Oy. This means that for every 
fixed n and fixed there is an / such that the map 

4> '■ f*Fn)yl'P{I^ f^Fn)y > {W'f^Fn+l)yl'P{R^f*Fn+i)y 

is zero. Choose an affine open neighborhood U of y in (7 such that R^f*Fn\u = M, 
R"^ f*Fn+i\u = N, where M and N are finitely generated modules over A = 0{U). For 
every maximal ideal V of 0{U), we have commutative diagram 

M ^ N 



TTl 



7r2 



M/VM N/VN. 

We can prove ip{M) = if Dy = D n Xy is a. curve on the fibre Xy for every y E C. 
Therefore 

\imR^f,F^\c^O 

n 

which means H^{Y, fly) = by remark 5. In fact, we can get stronger result. Prom the 
exact sequence 

— > 0{nD) — > 0{{n + l)D) — > OoHn + l)D) — > 0, 
tensoring with F then with Oxy-, we have 

^ Fn^y > Fn+i^y > -Fn+l,j/|D ^ 0. 

If Dy is a curve, then H'^{Fn+i^y\D) — H'^{Fn+\,Dy) — for every n. So the map H'^{Fn^y) — > 
H'^{Fn+i,y) is surjective for every n. But by theorem 2, for suitable /, the map H'^{Fn,y) — > 
H'^{Fn+i^y) is zero. Thus there is an n{y) depending on y such that for every n > n{y), 
H^{Fn^y) — 0. Now fix some yo in C such that H'^^Fn^y^) = for every n > n{yo) and 
there is an open neighborhood Uq of yo in C such that R^ f^F^^y^^) is locally free on Uq. 
Then H'^{Fn(yg)^y) — for every y in Uq. So H'^{Fn,y) — for every y in Uq and every 
n > n{yo). Let C - C/q = {yi,y2, -■,ym}, choose Uq = max{n{yo),n{yi), ...,n{ym)), then 
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H^{Xy, Fn,y) = for every y & C and every n > uq. By upper semi-continuity theorem, 
{R^ f^Fn)y/V{R^ f^Fn)y = for all points y in C. By Nakayama's lemma, R^f^Fn\c = 0. 

The sheaf R^f^^Fn is not so nice. For any fixed n, there is an open set f/„ in C, such 
that it is locally free on Un- Let t/„ = C\An, where An is closed in C, i.e., it consists 
only finitely many points of C. Since any complete metric space is a Baire space (in 
complex topology, every countable intersection of dense open sets in C is dense in C [B2] , 
Chapter 9), B = C\ U An = nC/„ is a dense (but we do not know if B is open) subset 
of C in complex topology. Hence for every point y on B, all stalks {R^ f^Fn)y are locally 
free. Write i? as a union of connected subsets Bm, B = UBm, then there is one B^, such 
that Bjn is dense in C and connected in complex topology. So we may assume that B 
is connected. Again by upper-semicontinuity theorem, for every point y in C and every 
n> no, since R^f^F^lc — 0, we have [Mu] 

{R'hF^)y(^C^H\Xy,Fn,y). 

For any m, h^{Xy, F„i^y) is constant on B since R^f^Fm is locally free at every point y on 
B and B is connected. So for the above n and for all points y in 5, there is / such that 
the map 

H^i^y, Fn,y) ^ H^{Xy, Fn+l^y) 

is zero. Moreover, for every point y m. C and sufficiently large n, we have the following 
commutative diagram 

R^UFr,®C{y) 

a 

R^UFn+i®C{y) 
The map (3 is zero for every y G -B, so as before, the map 

a : {R^ f^Fn)y/V{R^ f*Fn)y > {R^ f*Fn,+l)y/V{R^ f*Fn,+l)y 

is zero for all points y in B. By the local freeness, this says on B, 

limi?V,F„|B = 0. 

n 

To see this, fix a point yo in B, for any sufficiently large n and for the above /, choose 
an affine open set V containing yQ such that both R}f^Fn, and R^ f^Fn+i are locally free 
on V. So there are two positive integers mi and m2 such that R^f^Fn{V) — OCV)"^^ and 
R^ f*Fn+i{V) — 0{V)'^^. Now for infinitely many maximal ideal V, we have commutative 



H^{Xy,Fn,y) 

H^{^y,Fn+l,y)- 
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diagram 

TTl 7r2 

0{V)"'^/VO{V)"'^ 0{V)""'/VO{V)"'^. 

Since iIj{0{V)"^^) C nPO(y)"'^ = 0, where V runs over infinitely many maximal ideals 
of 0{V), we have V'(C»(V")'"i) = 0. This proves 

limi?V,F„|B = 0. 

Since the direct limit of R^f^Fn is quasi-coherent, its support is locally closed. Now B 
is dense and connected in complex topology, there exists an affine open set U (we come 
back to Zariski topology!) in C such that on [/, the direct hmit 

limi?V,F„|[; = 0. 

n 

By the following theorem 4 and its remark, we have proved 
Theorem 3 If for every point y in C and for every i > 0, 

limH\Xy,F^,y) = Q, 

n 

and for every point y E C , Dy = Xy (1 D is a curve on the fibre Xy, then f*Fn\c = 
for n >no and 

limi?^/*F„|;7 = 0, for a suitable U. 

n 

So H%Y, - H\Y, = H\V, ni^lv) = for every j, where V = f-\U) n Y. 

We have seen that R^f^Fn — for every n is determined by the dimension of fibres. 
Now we explain why for i = 1, 2, if 

limi?7,F„ = 0, 

n 

then H'^{Y,Q?y) = ily) = 0. For any point y E C, choose an affine open set U 

containing y, let G denote the direct limit of F„, then we have long exact sequence of 
local cohomology 

HUr\U), G) H\f-\Ul G) H\f-\U - M), G) Hl{f-\Ul G) 
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H\r\U), G) H\r\U - M), G) Hlir\U), G) 0, 
where Z = f~^{y)- Since direct hmit commutes with cohomology [HI], for every i > 0, 

H%f-\U),G) = \im H%f-\U),F^) = hmi?7,F„([/) = 



n 



and 

W{r\U - {y}), G) = \im W{r\U - {y}), F„) = hmi?7,F„(C/ - {y}) = 0, 

n n 

we have Hl{f-\U), G) = Hl{f-\U), G) = 0. Let F = (7 - {y}, from 
^ ^ H\X,G) H\r\V),G) 

and for i = 2, 3, //^(X, G) = //|(C/, G) = 0. By Lemma 4, we have 

//^(X, G) = limH\X, F„) = =^ Qi.) = 0, 

and 



H%X, G) = hm//'^(X, F„) = =^ H%Y, Q^^) = 0. 
Now look at H^{X, G), since 

hmi?V,F„(G) = \imH\r\C),Fn) = 

n n 

and Y — f~^{C) Pi F'^/~^(G) is afhne morphism [D is locally defined by one equation), 
by Grothendieck, [G], page 100, finally we get 

= YimH\r\C),F^) = H\f-\C),MFn\Y)) = H\Y,n^). 

n 

Theorem 4 // 

limi?V,F„ = lim i?V*^n = 0, 

n n 

or for every y & C, if Dy — Xy n D is a curve on the fibre Xy and 

limi?V,F„ = lim H\Xy, F^^y) = 0, 

n n 

then H''{Y, fly) = fof^ every i > and j >0. 
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Remcirk 4 If R^f^Fn are locally free, then R^f^Fn and R^ f^Fn are locally free by 
[Mu], page 50, corollary and from theorem 3 and 4, we know that vanishing direct limit of 
H^{Xy, Fn,y) guarantee vanishing of Hodge cohomology of Y . So it is almost true that the 
local vanishing Hodge cohomology on every fibre S over C guarantee the global vanishing 
of Y. The local freeness of R^f^Fn also tells us that H^{Y, — and 

liuiR^f^Fn = lim R^f^Fn = 

n n 

are equivalent. 

Remcirk 5 By lemma 4, the theorem is true if the above assumptions hold on C, i.e., 

limi?V,F„|c = lim R'f.Fnlc = 0, 

n n 

or for every y & C, 

limi?V,F„|c = lim H^{Xy, F^^y) = 0. 

n n 

Now let us consider the affineness of Y. Under the basic assumption (BA), if Y is 
affine, then every fibre S of /|y over C is affine in proposition since it is closed in Y. 
Conversely, if every fibre is affine in theorem 1, is y affine? In surface case, it is true. 
Let us state it precisely. If we have a surjective morphism from a smooth surface S with 
H^{S,Q-'g) = for every i > 0,j > to an affine curve C, then S must be affine. If 
not, there are nonconstant regular functions on S lifted from regular functions on C. But 
by Lemma 1.8 [Ku], we know there is no such function on S. How about the case of 
threefolds? We can give some answer. By Serre's affineness criterion, S is affine if and 
only if for all coherent sheaves of ideals Is on S, H^{S,Is) = for all i > 0, or if and 
only if for all coherent sheaves J-'s on S, H^{S,J^s) = 0. Since the proof of Theorem 2, 
theorem 3, and theorem 4 also works for coherent sheaves, we have 

Theorem 5 (1) In the diagram of proposition, if Y is affine, then every fibre S over C 
is affine and for every point y & C , every i > and every coherent sheaf T on X, 

lim H\Xy, Tn,y) = 0, lim R^f.Tn = 0, 

n n 

and there is an affine open set U in C , an integer no such that for every m > no, 

]im.R^ f^J^„\u — 0, R^ f^J^m\u — 0, 

n 

where Tn = T ® 0(nD), Tn,y = J^n\xy 
(2) Conversely, if 

limi?V*-^n|c = limi^^/^jT^lc = 0, 

n n 
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or for every y E C, if Dy is a curve and 

n n 

then Y is affine. 

Remark 6 If F is affine then it is Stein. Theorem 5(2) is also a sufficient condition 
of Steinness. 

Theorem 6 If H^{Y,Qy) = for every i > and j > 0, and the D-dimension of X is 
not zero, then Y is affine if and only if for every coherent sheaf F on X, 

h\X,\imF®0(nD)) < oo. 

n 

Proof. By the assumption, we know that Y contains no complete curves. By [GH], 
Proposition 3, we are done. 

Q.E.D. 

For the D-dimension and Kodaira dimension of X, we have 

Theorem 7 If H''{Y,D,y) — 0; D-dimension of X is not zero, and there is a smooth 

fibre Xy^ of f over y^ G C such that So = -^j/„|y is not affine, then the Kodaira dimension 
of X is — oo and the D-dimension of X is 1. Generally, we have 

K{C)+K{Xy,)<K{X)<K{Xy,) + l. 

In particular, if the genus of C: g{C) > 2, then k.{X) = i-i{Xyg) + 1. 

Proof. In the surface case, if 5*0 is not affine and satisfies the same vanishing condition, 
then the Kodaira dimension of its completion Xy^^ is —oo and the D-dimension is by [13], 
[Ku], [Mi]. And if is not affine, then Xy^ is birational to either the special ruled surface 
of case (2) or special rational ruled surface of case (3) in the first page with S fixed. By 
deformation theorems of litaka (14), (15), there is an affine open set U in (7, such that 
every fibre Xy of / over y e [/ is of the same type. By Theorem 5.11 and Theorem 6.12 
of Ueno, [U2], we have 

k{X) < K{Xy^) + 1 = -OO. 

Combining with upper semicontinuity theorem, if for general fibre Xy over y E C, 

'^PU.o'^i/o) = '^i^\xy,Xy), then 

K(D,X)<K(D\x,.Xy,) + l. 
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Consider K{D\xy^, Xy^), if the divisor Dy^ — D\xyg on Xy^ is a special divisor as [Ku], 
i.e.. it has no exceptional divisor of the first type and is a generator of the kernel of the 
intersection form, then H^{Oxo{nDy^^) = C, for every nonnegative integer n (this says 
H^{Oxy{nDy)) = C for every n and general y), hence K{D\xy,Xy) = K{D\xyg, Xy^,) = 0, 
K,{D,X) — 1. But we can not guarantee that Dy^ is such a special divisor. By [13], 
properties (1), (2), page 11-12, let Di, ...,Dr be prime components of D, for all integers 
Pi,...,Pr > 0, we have, 

k{Di + ...+Dr,X) = k{piDi + ... +PrDr,X)] 

and il g -.W is surjective morphism, where W and V are smooth projective varieties, 
E is an effective divisor on W such that codim(g((£^)) > 2, then 

K{g*{D') + E,W)^K{D\V) 

where D' is a divisor on V , g*{D') = ^D[is the reduced transform of D' , where D[ are 
irreducible components. By [U2], Lemma 5.3, page 51-52, if every fibre in the above map 
g is connected, then we have C-linear isomorphism 

H\V, Ov{D')) - H\W, Ow{g*D')). 

From these properties we get the same D-dimension. In fact, on the fibre Xy, the Dy- 
dimension does not depend on the support of the divisor Dy^ i.e., Dy may contain excep- 
tional curves of the first kind. It also does not depend on the coefficients of the prime di- 
visors of Dy. In any case, the open part 5" = XyHY is fixed. Therefore K{D\xy^-,XyQ) — 0. 
Hence k{D, X) — I'll Sy^ is not affine. 
The left cases follow from [Ka2], [V]. 

Q.E.D. 

Remark 7 In the above proof, if the fibre Xj^„ = Xq is smooth, then 5*0 = flF is 
smooth and satisfies H^{So, ^5^) = 0. If 5*0 is not affine, then it is fixed by Mohan Kumar's 
classification, i.e., it is either type (2) surface in the first page or type (3) surface. Here 
the boundary Dq = Xq — Sq = D\xo may not be the special divisor D'q in [Ku]. But by 
the above argument, k{Dq,Xq) — k{Dq,Xq) — 0. It might happen that there is no any 
global divisor D on X such that when restricted to the fibre Xq, it is the divisor D^. 
Fortunately, we do not need the existence of such a special divisor D. In fact, we have D 
first then consider its restriction on the fibre. 

In surface case, if H^{S,ilg) = for alH > and j > 0, S is not affine, then the 
Kodaira dimension of its completion is unique and the D-dimension is also unique. In 
threefold case, is it still true? Using the same notation as in Theorem 7, if 5*0 is affine, then 
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we can choose U such that every fibre Xy of / over U has constant Kodaira dimension. If 

g{C) > 2, then k,{X) = n{Xy) + 1. But under this condition, is Y affine? This is equal to 
the question that if every (or general) fibre S of /|y over C is affine, is Y affine? Usually 
it is not true even in surface case without the restriction of Hodge cohomology. 

Consider the logarithmic Kodaira dimension k{Y) — n{Kx + D,X). For general fibre 
Xy, D\xy — Dy is a, divisor on Xy with normal crossings [II]. The logarithmic Kodaira 
dimension does not depend on the embedding if the boundary is a divisor with normal 
crossings [Mi]. By theorem 3 [13], k,{Y) < R,{S) + 1, where S is general fibre. If S is 
smooth but not affine, then k,{S) = — oo, therefore k{Y) = — oo. Generally, if litaka's Cn 
conjecture is true [13], i.e., k,{Y) > R{S) + R{C), then 

R{S) + R{C) < R{Y) < R{S) + 1. 

In particular, if R{C) = 1, i.e., the genus g{C) > 2, then R{Y) = R{S) + 1. In 1978, 
Kawamata [Ka3] proved this conjecture if the fibre dimension is 1. 
Finally wc give an example. 

Example Let S* be a surface with H^{S, fi^.) = for alH > and j > 0, not affine, 
let C be any affine curve, then Y = S x C satisfies l^y) = for all i > and 

j > by Kiinneth formula (see [Hi] or [SW]). The £)-dimension oi X ^ S x C is 1 
and the Kodaira dimension is — oo by theorem 7. Its logarithmic Kodaira dimension is 
also — oo. Again by Kiinneth formula, q{X) = h^{Ox) = g{C). This example says that 
q{X) can be any nonnegative integer. So if we choose different C with different genus, 
the corresponding X are not isomorphic since they have different q. 

We are constructing nonproduct examples and will submit it later. 

Department of Mathematics, Washington University, St. Louis, MO 63130 
El- mail address: zhj@math.wustl.edu 
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